Some existence theorems of nonzero solutions and multiple solutions for a class of bilinear variational inequalities are studied in reflexive Banach spaces by fixed point index approach. The results presented in this paper improve and extend some known results in the literature.
Introduction and preliminaries
The fundamental theory of the variational inequalities, since it was founded in the 1960's, has made powerful progress and has played an important role in nonlinear analysis. It has been applied intensively to mechanics, partial differential equation problems with boundary conditions, control theory, game theory, optimization methods, nonlinear programming, and so forth (see [1] ).
In 1987, Noor [2] studied Signorini problem in the framework of the following variational inequality:
and proved the existence of solutions of Signorini problem in Hilbert spaces. In 1991, Zhang and Xiang [3] studied the existence of solutions of bilinear variational inequality (1.1) in reflexive Banach space X. As an application, they discussed the existence of solutions for Signorini problem.
Throughout this paper, we assume that X is a reflexive space, X * is the dual space of X, ·, · is the pair between X * and X, K is a nonempty closed convex subset of X with θ ∈ K, and for r > 0, K r = {x ∈ K; x < r}. Suppose that a : X × X → R = (−∞,+∞) is a coercive and bilinear continuous mapping, that is, there exist constants α, β > 0 such that the following condition holds:
and b : X × X → R satisfies the following condition including (i), (ii), (iii), and (iv):
(i) b is linear with respect to the first argument;
(ii) b is convex lower semicontinuous with respect to the second argument;
Obviously, the (iii) and (iv) of condition (B) imply that b(u,θ) = 0.
Theorem 1.1 (see [3] ). Let a : X × X → R be a coercive and bilinear continuous mapping satisfying condition (A) and let b :
, then there exists a unique solution of variational inequality (1.1) in K.
On the other hand, the existence of nonzero solutions for variational inequalities is an important topic of variational inequality theory. Recently, several authors discussed the existence of nonzero solutions for variational inequalities in Hilbert or Banach spaces (see [4] and the references therein).
In this paper, we will study the existence of nonzero solutions and multiple solutions for the following class of bilinear variational inequalities in reflexive Banach spaces by fixed point index approach, which has been applied intensively to famous Signorini problem in mechanics (see [2, 3] ).
Given a mapping g : K → X * and a point f ∈ X * , we consider the following problem (in short, VI (1.2)): find u ∈ K \ {θ} such that
Hence, a natural problem can be raised: do the nonzero solutions of VI (1.2) exist? Do any other solutions of VI (1.2) exist in K?
By Theorem 1.1, for each p ∈ X * , the variational inequality
Lemma 1.2. The mapping K a : X * → K has the following property:
Consequently, K a is 1/(α − γ) set-contractive (see [5] ).
Proof. Let u 1 = K a (p), u 2 = K a (q). Then for each v ∈ K,
Setting v = u 2 in (1.6) and v = u 1 in (1.7), respectively, we have
This implies that (1.5) is true. This completes the proof.
To state our theorems, we recall the following notes and the well-known conclusions. Let X be a normed linear space and let D be a subset of X. A continuous bounded map-
Let X be a Banach space, let K be a nonempty closed convex subset of X, and let U be an open bounded subset of X with U ∩ K = ∅. The closure and boundary of U relative to K are denoted by U K and ∂U K , respectively. Assume that T : U K → K is a strictly setcontractive mapping and x = T(x) for each x ∈ ∂U K . It is well known that the fixed point index i K (T,U) is well defined and i K (T,U) has the following properties (see [5, 6] ).
(i) If i K (T,U) = 0, then T has a fixed point in 
Since K a is a 1/(α − γ)-set contraction, if g is a k-set contraction, where k < α − γ, then K a g is a strictly set contraction. If K a g has not fixed point in ∂U K , then the fixed point index i K (K a g,U) of K a g in U is well defined.
From Lemma 1.2 and the property (ii) of fixed point index, it is easy to see that i K (K a g,U) = 1 for the constant mapping g(u) ≡ p ∈ X * and K a (p) ∈ U.
The nonzero solutions for VI (1.2)
In this section, we discuss the nonzero solutions of VI (1.2). For convex subset K of X, the recession cone of K is defined by rc(K) = {w ∈ X; w + u ∈ K, ∀u ∈ K}.
Theorem 2.1. Let f ∈ X * be a linear continuous functional with f ,z < 0 for all z ∈ K and let g : K → X * be a bounded continuous k-set-contractive mapping with k < α − γ satisfying the following conditions:
with u > l, where α,β are two constants which satisfy condition (A). Then, variational inequality (1.2) has nonzero solutions in K.
Proof. Define a mapping K a g : K → K by K a g(u) = K a (g(u)) for all u ∈ K. It follows from Lemma 1.2 that K a g is continuous bounded strictly set-contractive. We will show that there exists R 0 > r 0 > 0 such that i K (K a g,K r0 ) = 1 and i K (K a g,K R0 ) = 0.
First, for r > 0, let H : [0,1] × K r → K and H(t,u) = K a (tg(u)). Obviously, H(t,·) is strictly set-contractive for fixed t ∈ [0,1] and H(t,u) is uniformly continuous with respect to t for all u ∈ K r . We will claim that there exists r 0 > 0 small enough such that u = H(t,u) for all t ∈ [0,1] and u ∈ ∂K r0 . Otherwise, for any natural number n, there exist t n ∈ [0,1], u n ∈ K satisfying u n = 1/n such that u n = H(t n ,u n ), that is,
Setting v = θ in (2.1) and w n = u n / u n = nu n , we know that a w n ,w n + n 2 b u n ,u n ≤ t n ng u n − h,w n + t n h,w n + n f ,w n (2.2) and so α ≤ ng u n − h + t n h,w n + n f ,w n .
Since X is a reflexive Banach space, there exists a weakly convergent subsequence of {w n } in X. Without loss of generality, we may assume that w n → w weakly. If w = θ, by condition (G 1 ), the first term on the right-hand side in (2.3) is less than α for u n small enough; the second one tends to 0 and the third one is less than 0. This is a contradiction. If w = θ, the second term on the right-hand side in (2.3) is bounded and the third term tends to negative infinity as n → ∞, which is a contradiction. Thus, i K K a g,K ro = i K H(1,·),K r0 = i K H(0,·),K r0 = 1.
(2.4) Therefore, K a g has a fixed point u 1 ∈ K r0 , and so u 1 is a solution of VI (1.2). Next, we claim that there exists R 0 > r 0 large enough such that i K (K a g,K R0 ) = 0. Define a mapping H : [0,1] × K r → K as follows:
where N > 0. Clearly, for any fixed t ∈ [0,1], H(t,·) is strictly set-contractive and H(t,u) is uniformly continuous with respect to t for all u ∈ K r . We now show that there exists R 0 > r 0 such that u = H(t,u) for all t ∈ [0,1] and u ∈ ∂K R0 . Otherwise, for any natural number n, there exist t n ∈ [0,1] and u n ∈ K n such that u n = K a (g(u n ) − t n N f ), that is,
Putting v = u n + u 0 in (2.6) and w n = u n / u n , we have
Thus, a w n ,u 0 ≥ g u n ,u 0 u n + u n −1 1 − t n N f ,u 0 − b w n ,u 0 .
Since X is a reflexive Banach space, we assume that w n → w weakly. Without loss of generality, we may assume that w ≤ 1. It follows that a w,u 0 ≥ limsup n→∞ g u n ,u 0 u n − γ u 0 > β u 0 . (2.9)
But, we know that a(w,u 0 ) ≤ β u 0 . This is a contradiction. It follows from property (iv) of fixed point index that If u ≥ l, then (1 − N) f ,u 0 ≤ 0, which is a contradiction. If u < l, since g is bounded, there exists C > 0 such that g(u) ≤ C for u < l. We take N > 0 large enough such that
On the other hand, (2.13) implies that
which contradicts (2.14). Therefore, i K (K a g,K R0 ) = 0. It follows from property (iii) of fixed point index that i K (K a g,K R0 \ K r0 ) = −1. Thus, K a g has a fixed point u 2 ∈ K R0 \ K r0 , which is a nonzero solution of VI (1.2). This completes the proof.
Theorem 2.2. Suppose that there exists u 0 ∈ rcK \ {θ} such that f ,u 0 > 0 and g : K → X * is a bounded continuous k-set contractive mapping with k < α − γ which satisfies condition (G 2 ) and the following condition:
Proof. For r > 0, let H : [0,1] × K r → K and H(t,u) = K a (tg(u)). We claim that there exists r 0 > 0 small enough such that u = H(t,u) for all t ∈ [0,1] and u ∈ ∂K r0 . Otherwise, for any natural number n, there exist t n ∈ [0,1] and u n ∈ K with u n = 1/n such that u n = H(t n ,u n ), that is, where z 0 = u 0 / u 0 . The first term on the right-hand side in (2.18) is bounded by condition (G 3 ) and the second one tends to +∞. This is a contradiction. Therefore, i K K a g,K r0 = i K H(1,·),K r0 = i K H(0,·),K r0 = 1. and u ∈ ∂K R0 with i K (K a g,K R0 ) = 0. Thus, we have i K K a g,K R0 \ K r0 = −1 (2.20) and so there exists u 2 ∈ K R0 \ R r0 , which is the nonzero fixed point of K a g. This implies that it is also the nonzero solution of VI (1.2) . This completes the proof.
If there exist 0 ≤ t nk < (1/k) for k = 1,2,..., then
Since X is a reflexive space, we may assume that {w nk } weakly converges to some w without loss of generality. It is easy to see that every term of the right-hand side in (3.7) tends to 0, which is a contradiction. Therefore,
It follows from property (iii) of fixed point index that i K (K a g,K R1 \K R0 ) = 1. Thus, K a g has a fixed point The proof of Theorem 3.2 is similar to the proof of Theorem 3.1 and so we omit it.
An example about mapping g
In this section, we give a mapping g which satisfies all the conditions in the above theorems.
Let Ω ⊂ R n be a bounded subset with mes(Ω) ≤ 1. Suppose that X = L p (Ω), where 2 ≤ p < +∞. Then X * = L q (Ω), (1/ p) + (1/q) = 1 and 1 < q ≤ p < +∞. We know that L p (Ω) ⊂ L q (Ω) and u Lq ≤ c u Lp , where c = μ(Ω) (1/q)−(1/p) (see [7] ).
Suppose that K is a closed convex subset of X with θ ∈ K. For each u 0 ∈ rcK \ {θ}, there exists a continuous linear functional v 0 ∈ L q (Ω) such that v 0 ,u 0 = u 0 p and v 0 q = 1 by the Hahn-Banach theorem. Define g : K → L q (Ω) as follows:
where u p = u LP and u q = u Lq . We can prove that the mapping g 1 (u) = u 2 p v 0 is compact and so is 0-set-contractive. In fact, for any bounded subset A of K, there exists M > 0 such that u p ≤ M for all u ∈ A. Thus, g 1 (u) = u 2 v 0 ⊂ M 2 co{v 0 ,θ} (co{v 0 ,θ} denotes the convex hull of v 0 and θ). This implies that g 1 is a compact mapping. It is easy to see that the mapping g 2 (u) = ku is k-set-contractive and so g is k-set-contractive.
Now we show that g satisfies all conditions in the above theorems. 
